Abstract. In this paper we study left and right 4-Engel elements of a group. In particular, we prove that a, a b is nilpotent of class at most 4, whenever a is any element and b ±1 are right 4-Engel elements or a ±1 are left 4-Engel elements and b is an arbitrary element of G.
Introduction and Results
Let G be any group and n be a non-negative integer. For any two elements a and b of G, we define inductively [a, n b], the n-Engel commutator of the pair (a, b), as follows: An element x of G is called right n-Engel if [x, n g] = 1 for all g ∈ G. We denote by R n (G), the set of all right n-Engel elements of G. The corresponding subset to R n (G) which can be similarly defined is L n (G) the set of all left n-Engel elements of G where an element x of G is called left n-Engel element if [g, n x] = 1 for all g ∈ G. A group G is called n-Engel if G = L n (G) or equivalently G = R n (G). It is clear that R 0 (G) = 1, R 1 (G) = Z(G) the center of G, and by a result of Kappe [4] , R 2 (G) is a characteristic subgroup of G. Also we have L 0 (G) = 1, L 1 (G) = Z(G) and it can be easily seen that
where x G denotes the normal closure of x in G. In [1] it is shown that
where N 2 is the class of nilpotent groups of class at most 2. Also it is proved that x, y is nilpotent of class at most 4 whenever x, y ∈ L 3 (G). Newell [6] has shown that the normal closure of every element of R 3 (G) in G is nilpotent of class at most 3. This shows that R 3 (G) ⊆ F it(G), where F it(G) is the Fitting subgroup of G, and in particular it is contained in B(G) ⊆ HP (G) where B(G) and HP (G) are the Baer radical and Hirsch-Plotkin radical of G, respectively. It is clear that Gupta and Levin [3] have shown that the normal closure of an element in a 5-Engel group need not be nilpotent (see also [12] p. 342). Therefore R n (G) F it(G) for n ≥ 5. The following question naturally arises: Question 1.1. Let G be an arbitrary group. What are the least positive integers n, m and p such that
To find integer n in Question 1.1 we have to answer the following. Question 1.2. Let G be an arbitrary group. Is it true that R 4 (G) ⊆ F it(G)?
Although in [1] it is shown that there exists n ∈ N such that L n (G) HP (G), the following question is still open. Theorem 1.6. Let G be a group and a ±1 ∈ L 4 (G) be a p-element for some prime
In [10, 11] Traustason has proved the above results for a 4-Engel group G (in which all elements are simultaneously right and left 4-Engel). The proofs of Theorems 1.4, 1.5 and 1.6 are somehow inspired by the arguments of [10, 11] .
In Section 4, we will show that in Theorem 1.4, we cannot remove the condition b −1 ∈ R 4 (G) and that in Theorems 1.5 and 1.6, the condition a −1 ∈ L 4 (G) is an necessary condition.
Macdonald [5] has shown that the inverse or square of a right 3-Engel element need not be right 3-Engel. In Section 4 the GAP [2] implementation of Werner Nickel's nilpotent quotient algorithm [7] is used to prove that the inverse of a right (left, respectively) 4-Engel element is not necessarily a right (left, respectively) 4-Engel element.
Right 4-Engel elements
In this section we prove Theorem 1.4.
Lemma 2.1. Let G be a group with elements a, b. Let x = a b . We have
Proof. We use a general trick for Engel commutators, namely
Applying this trick twice gives
This proves (a). To prove (b) note that we also have 
We use the following result due to Sims [9] . 
Hence, by Theorem 2.4, we have γ 5 (H) = x 1 , . . . , x 6 H . From on now, we fix and use the notation x 1 , . . . , x 6 as the mentioned commutators.
In the following calculation, one must be careful with notation. As usual u g1+g2 is shorthand notation for u g1 u g2 . This means that u (g1+g2)(h1+h2) = u (g1+g2)h1+(g1+g2)h2
which does not have to be equal to u g1(h1+h2)+g2(h1+h2) . We also have that
This does not have to be the same as u −g1h−g2h .
Lemma 2.6. Let G be a group and a, b
, where x = [a b , a], and
Proof. By Lemma 2.1, we have x 1 = x 2 = x 4 = x 5 = x 6 = 1. Now Remark 2.5 completes the proof of the second part. To prove the first part, by Corollary 2.3 we may write 
is nilpotent of class at most 2 for every element a ∈ G.
b +2 is nilpotent of class at most 2, we have
.
. Furthermore
and by (1) and (3) we have [x
. Also by (2) and (3) we have 
Left 4-Engel elements
In this section we prove Theorems 1.5 and 1.6. The argument of Lemma 3.1 is very much modeled on an argument given in [10] .
Conjugation with x −1+a
Proof of Theorem 1.5. By Lemma 2.6 we have to prove that
. By Lemma 2.6 and Lemma 3.1 we have x 3 = u = u −1 ∈ γ 6 ( a, a b ).
Thus u = 1 and this completes the proof.
Corollary 3.2. Let G be a group and a ±1 ∈ L 4 (G). Then a, a b ′ is abelian, for all b ∈ G. Corollary 3.3. Let G be an arbitrary group and a ±1 ∈ L 4 (G). Then every power of a is also a left 4-Engel element.
Examples and questions
In this section we give some examples by using GAP nq package of Werner Nickel to show what we mentioned in the last two paragraphs of Section 1.
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